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ABSTRACT
Many important query processing methods introduce semijoin op-
erators or semijoin-like filters to delete dangling tuples, i.e., tuples
that do not appear in or impact the final query result. These meth-
ods often substantially increase the speed of query execution. How-
ever, the application of these methods must be done with care or
the cost of the additional operations will outweigh the benefit.

TreeTracker Join (TTJ) is an extension of a hash join operator
implemented in iterator interface that detects dangling tuples as
it computes join results and integrates their deletion with the ex-
ecution of a query. The result is a single physical operator that
simultaneously computes two logical operations: the join of two
relations and a semijoin reduction. For both semijoin and filter-
ing methods, trade-off exists between the cost of the additional
operation and potential speed improvement. Thus, many existing
methods resort to heuristics specific for each query. TTJ eliminates
the use of heuristics and additional operations to attain good per-
formance both formally and empirically. Formally, we prove that
computing a 𝑘-way acyclic conjunctive query by composing 𝑘 − 1
instances of TTJ in a left-deep plan is optimal in data complexity.
Empirical results on TPC-H and JOB benchmarks show that TTJ
improves query performance on a majority of queries, up to 53%,
when compared to hash join. For the remainder the decline in per-
formance is almost always minimal.
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1 INTRODUCTION
Reducing intermediate result size has been shown in practice to
correlate with improved join query execution speed [15, 22, 30, 57].
Removing dangling tuples, tuples that do not contribute to the fi-
nal output of a query [18], is a well known approach to achieving
that goal. Two usual approaches to identify and delete dangling
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tuples are: semijoin methods [11, 12, 47, 54–56] and filter meth-
ods [15–17, 22, 25, 26, 28, 33, 37, 42, 44, 57]. Semijoin methods like
Yannakakis’s algorithm and full reducer introduce a sequence of
semijoins as a preprocessing step before join evaluation [11, 54].
Such methods may increase plan search space [47] and be prone
to cost estimation error [21, 50]. On the other hand, filter meth-
ods remove dangling tuples by proactively checking base relations
against filters such as bitmap or Bloom filters before computing
joins. These methods use filters to create a compact representa-
tion of a base relation, for example 𝑅1, and propagate the result
downward along the plan to another base relation 𝑅2, where 𝑅1
eventually joins with 𝑅2. If a dangling tuple from 𝑅2 exists and is
identified at 𝑅1, such dangling tuple is implicitly removed as part
of the filtering process as it fails to pass the check against the filter.
The cost of such check, however, can outweigh the benefit of in-
termediate result size reduction if 𝑅2 is highly selective, in which
case existing methods commonly resort to heuristics approaches
such as disabling the filters based on selectivity estimation of the
underlying relations [15, 44]. Therefore, the query systems using
those filter methods are required to assess the trade-off between
the execution cost and the potential speed improvement.

TreeTracker Join (TTJ) extends a well known hash join operator
(HJ) (Table 1 in [22]) to remove dangling tuples during query exe-
cution without introducing additional operators or filter-like data
structures into the plan. The key idea is that instead of proactively
removing dangling tuples before a join starts, TTJ deletes dangling
tuples when they are encountered during query evaluation. Specif-
ically, TTJ assumes all tuples from every relation in the plan con-
stitute the final join result and starts plan evaluation immediately
without additional semijoin or filter creation. Once join fails at a
TTJ operator, the operator directly resets the evaluation flow to
the TTJ operator that causes the join failure, which removes a dan-
gling tuple from the associated hash table. Such reset-and-remove
combination potentially skips additional evaluation of multiple op-
erators and avoids generating extra intermediate results including
the dangling tuple. HJ was chosen as the starting point because
deleting a dangling tuple from a base relation can be implemented
by removing the tuple from the hash table built from the relation
during the join evaluation. After executing a query using TTJ, the
contents of the hash tables closely approximate the result of a semi-
join reduction on the relations initially loaded into the hash tables.
Thereby, we prove that an ensemble of 𝑘 − 1 instances of TTJ in
a left-deep plan computes a 𝑘-way acyclic join query in O(𝑛 + 𝑟 )
data complexity (the complexity model used in the contemporary
formal study of join algorithms [4, 29, 49]) with input size 𝑛 and
output size 𝑟 . This equals the lower bound for evaluating acyclic
conjunctive queries, which makes TTJ optimal.
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The TTJ operator is detailed in object-oriented form. The def-
inition of TTJ is consistent with RDBMSs implemented using an
iterator-based abstract interface inherited by all query operators
[18, 22, 24, 39, 45]. Thus, the addition of TTJ to the existing library
of physical operators requires minimal changes to the implemen-
tation of those operators.

The use of TTJ does not comewithout limitations.We only prove
the optimality of TTJ on acyclic full conjunctive queries with left-
deep query plans where the join operators precede all the cross-
products. TTJ can be used in bushy plans that satisfy the same re-
striction on operation order. A formal construction, tree decom-
position [19, 23], when combined with worst-case optimal join al-
gorithms [34, 52], enables the application of algorithms for acyclic
CQs, including TTJ, to be used to evaluate cyclic CQs as the last step
of the process. Optimality of the operator when used in a bushy
plan remains an open issue.

The empirical portion of the paper compares TTJ with HJ on
both TPC-H [48] and JOB [30] benchmarks. Compared to HJ, mea-
surements show that TTJ improves individual query performance
by up to 53% on a majority of queries. When TTJ performance is
not superior, the regression is small, e.g., only 2 out of 126 queries
regress by more than 10%.

Organization. We first use a simple example to illustrate how
to extend nested-loop join to compute semijoin reduction and join
at the same time (§ 2). After preliminaries (§ 3), we detail the join
order assumption for left-deep plans to guarantee correctness and
optimality of TTJ (§ 4). We present the complete TTJ operator and
prove its correctness in § 5. Subsequently, we prove the optimality
of TTJ in § 6. § 7 concerns two important issues of using TTJ in
practice: cost model and bushy plan. § 8 presents empirical results.
We conclude the paper with future work in § 9.

2 MOTIVATING EXAMPLE
Thedesign of TTJ is based on a simple observation illustrated in the
example below. TTJ extends the observation to form an operator
that can evaluate 𝑘-way acyclic join queries.

Example 1. Algorithm 2.1 shows how a simple nested-loop join
can be augmented to identify dangling tuples on the fly and com-
pute both the join result and a semijoin result.

Consider a binary join, 𝑇 (𝑥)Z𝑆 (𝑥) evaluated by Algorithm 2.1.
Initialized on Line 1, the variable result is used to accumulate con-
catenated pairs of joining tuples.The variable ng, short for no-good
list, is used to accumulate dangling tuples from the relation 𝑇 . In
the outer loop, each tuple, t of𝑇 , is checked against a list of tuples
of 𝑇 accumulated in ng that have already been determined to not
join with any tuples in 𝑆 (Line 4). If 𝑡 is known to not join with
any 𝑠 ∈ 𝑆 , the inner loop is skipped. Execution then moves on to
the next iteration of the outer loop. On the other hand, if 𝑡 is not a
member of𝑛𝑔, execution continues as expected for a simple nested-
loop join. A flag variable, dangle, tracks if t fails to join with any
tuple in 𝑆 . If so, t is a dangling tuple and is added to ng (Line 10).

Upon termination the join result is returned (Line 12). At this
point, the variable 𝑛𝑔 contains all the dangling tuples of 𝑇 , 𝑇 >< 𝑆 .
𝑇 ><𝑆 is then computed at Line 11. Thus, Algorithm 2.1 computes
both𝑇 (𝑥)Z𝑆 (𝑥,𝑦, 𝑧) and𝑇 ><𝑆 . However, the semijoin result is not

returned. 𝑇 can be semijoin reduced if the algorithm assigns 𝑇 ′ to
𝑇 and 𝑇 is passed into the algorithm as a reference [35].

Algorithm 2.1: Modified Nested-Loop Join to compute
join and semijoin at the same time.
Input: two relations 𝑇 (𝑥) and 𝑆 (𝑥,𝑦, 𝑧)
Output: join result 𝑟𝑒𝑠𝑢𝑙𝑡 and 𝑇 ′ = 𝑇 ><𝑆

1 𝑟𝑒𝑠𝑢𝑙𝑡, 𝑛𝑔← ∅, ∅
2 for 𝑡 ∈ 𝑇 do
3 𝑑𝑎𝑛𝑔𝑙𝑒 ← 𝑡𝑟𝑢𝑒

4 if 𝑡 ∉ 𝑛𝑔 then
5 for 𝑠 ∈ 𝑆 do
6 if 𝑡 and 𝑠 are joinable then
7 add 𝑡Z𝑠 to 𝑟𝑒𝑠𝑢𝑙𝑡
8 𝑑𝑎𝑛𝑔𝑙𝑒 ← 𝑓 𝑎𝑙𝑠𝑒

9 if 𝑑𝑎𝑛𝑔𝑙𝑒 = 𝑡𝑟𝑢𝑒 then
10 𝑛𝑔← 𝑛𝑔 ∪ {𝑡}

11 𝑇 ′ ← 𝑇 − 𝑛𝑔
12 return 𝑟𝑒𝑠𝑢𝑙𝑡

3 PRELIMINARIES
Conjuctive queries (CQs) correspond to select-project-join queries
in relational algebra [20]. We focus on full CQs, which correspond
to a natural join of 𝑘 relations. A CQ Q is acyclic if it admits a join
tree TQ [9]. A join tree, TQ , is a tree where the nodes represent
relations, and it satisfies one additional constraint: for each pair
of distinct nodes 𝑅, 𝑆 in the tree and for every common attribute
𝑎 between 𝑅 and 𝑆 , every relation on the path between 𝑅 and 𝑆
contains 𝑎 [9]. A rooted join tree is a join tree with one of the nodes
chosen to be the root, i.e., converting the tree into a directed tree.
For the rest of the paper, we assume TQ being a rooted join tree.

Physical operators in an executable query plan are commonly
implemented as iterators where the consumer of the result of the
physical operator can obtain the result one tuple at a time [22]. Iter-
ator, as an interface (in object-oriented context), consists of three
methods: open(), getNext(), and close(). open() sets up resources
(e.g., necessary data structures) for the computation of the oper-
ator; getNext() performs the computation and returns the next
tuple in the result; and close() cleans up the used resources. The
iterator interface described is shown in Figure 1 (with one more
method due to TTJ).

public interface Operator {

}

void  open();
Tuple getNext();

void  close();
Tuple deleteDT(Relation R);


Figure 1: Augmented operator iterator interface illustrated
in Java syntax. deleteDT() is the newly-addedmethod to the
interface; the rest is unchanged.
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A left-deep query plan PQ [39] is a binary tree where internal
nodes [14, 40] are join operators Z. The right child of any join op-
erator, 𝑅𝑖𝑛𝑛𝑒𝑟 , is a leaf representing a base relation, which is asso-
ciated with a table scan operator. The left child of a join operator is
a join operator denoted by 𝑅𝑜𝑢𝑡𝑒𝑟 . TTJworks using demand-driven
pipelining, which keeps calling getNext() method of the root join
operator of PQ until no more tuples are returned [45]. TTJ modi-
fies in-memory hash join (Table 1 in [22]) and thus, we follow the
definition from [39] that when used with hash join, PQ is evalu-
ated by first creating hash tables associated with each 𝑅𝑖𝑛𝑛𝑒𝑟 in
open() before calling getNext(). Other literature [18, 30] consid-
ers the same evaluation strategy with the right-deep query plan,
which should not be confused with ours.

We call a relation internal if it appears as an internal node [14,
40] in the join tree, TQ . For relations corresponding to non-root
internal nodes of TQ , we call them internal◦ relation. Similarly, a
leaf relation means the relation appears as a leaf node in TQ . The
root relation is defined accordingly. Join operators in a plan are la-
beled top-down as Z𝑢 for 𝑢 ∈ [𝑘 − 1] in ascending order where
[𝑘 − 1] is a shorthand for 1, . . . , 𝑘 − 1 [27]. W.l.o.g., we assume re-
lations are labeled top-down in the same fashion as join operators
𝑅1 through 𝑅𝑘

1. In the later proof, the table scan operator associ-
ated with the left-most relation 𝑅𝑘 is called Z𝑘 . Figure 2 illustrates
the notation described. PZ𝑢 shall denote the set of relations in
PQ that are below Z𝑢 , i.e., {𝑅𝑘 , . . . , 𝑅𝑢 }. 𝑠𝑜𝑟𝑡 is a function that ex-
tracts attributes from a relation (or from each relation in a set of
relations and returns union of the extracted attributes) [3]. In addi-
tion, 𝐽𝑢 , 𝑢 ∈ [𝑘] (including aforementioned Z𝑘 ), denotes the join
result computed by Z𝑢 . 𝐽 ∗𝑢 denotes the join of relations in PZ𝑢 .
Thus, PQ computes the correct join result if and only if 𝐽1 = 𝐽 ∗1 .
Depending on context we adopt following language usage. A join
fails at Z𝑖 , a join failure happens at Z𝑖 , or a join fails at 𝑅𝑖 if a tuple
produced from Z𝑖+1, the 𝑅𝑜𝑢𝑡𝑒𝑟 of Z𝑖 , cannot join with any tuples
from 𝑅𝑖 , the 𝑅𝑖𝑛𝑛𝑒𝑟 of Z𝑖 . In such case, 𝑅𝑖 is called join failure rela-
tion. Let 𝑗𝑢 denote Z𝑢 ’s result size. In particular, 𝑗1 = 𝑟 , which is
the query result size. We write 𝑅∗ to denote an 𝑅 that is free of dan-
gling tuples with respect to Q. For a tuple 𝑡 of 𝑅(𝑎, 𝑏), we use an
unnamed perspective (e.g., 𝑅(1, 2)) to represent 𝑡 [3]. 𝑡 [𝑎] = 𝜋𝑎 (𝑡)
for tuple 𝑡 , attribute 𝑎, and projection 𝜋 . For tuple 𝑡 and relations
𝑅 and 𝑆 , let join-attribute value 𝑗𝑎𝑣 (𝑡, 𝑅, 𝑆) = 𝑡 [𝑠𝑜𝑟𝑡 (𝑅) ∩ 𝑠𝑜𝑟𝑡 (𝑆)].
𝑗𝑎(𝑅, 𝑆) = 𝑠𝑜𝑟𝑡 (𝑅) ∩ 𝑠𝑜𝑟𝑡 (𝑆). For both HJ and TTJ,H𝑅 denotes the
hash table built from 𝑅 and H𝑖 denotes the hash table associated
with Z𝑖 . MatchingTuples denotes the list of tuples that share the
same hash key. 𝑅 >< 𝑆 = 𝑅 − (𝑅><𝑆). 𝛿 is the distinct operator
in relational algebra. Given TTJ as a physical join operator, we use
R to emphasize the physical aspects of a relation 𝑅, i.e., a bag of
tuples it contains.

We assume a standard RAM complexity model [5]. Following
the convention of research in the formal study of join algorithms
[4, 29, 49], we use data complexity (in big-O notation) as the mea-
sure of TTJ theoretical performance, which assumes that the size
of a query, 𝑘 , is fixed, but data size 𝑛 varies [6]. We determine
TTJ performance in combined complexity [51] (big-𝑂 notation) as
well. Combined complexity includes 𝑘 . Under data complexity, the
lower bound of any join algorithm is Ω(𝑛 + 𝑟 ) [49] because the

1We can always rename relations to conform to this notation.

①

②

③ ④

(a) (b)

1

2
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③

④

Figure 2: (a) join tree TQ and (b) query plan PQ for a query Q.
①, ②, ③, ④ show the join order from TQ to PQ . 𝑅1, . . . , 𝑅4
show the relation numbering and 1, 2, 3,Z4 denote the join
operator numbering in our notation. In specific, Z4 repre-
sents the table scan operator associated with 𝑅4, which is 𝑇
in this example.

algorithm has to read input relations and produce join output. A
join algorithm is optimal if its performance upper bound matches
the aforementioned lower bound.

4 JOIN ORDER ASSUMPTION
Join order in PQ is critical for TTJ correctness. Unless noted other-
wise, TTJ assumes the following join order in PQ .

Definition 1 (default join order assumption). TTJ assumes for
a given relation 𝑅𝑖 in PQ , its parent 𝑅 𝑗 in TQ is to the left of 𝑅𝑖 , i.e.,
𝑗 > 𝑖 . Thus, 𝑅𝑘 is the root of TQ .

Effectively, the default join order corresponds to a top-down
pass over TQ . In other words, Definition 1 maps TQ into PQ , from
one rooted tree to another rooted tree, and specifies what mapping
is compatiblewith TTJ, i.e., TTJ operates correctly and optimally for
any join order satisfying Definition 1. In practice, some order can
be better than the other. Thus, we use a cost model to decide (§ 7.1).

Definition 1might look restrictive but as shown in the following
Lemma 1, TTJ join order assumption encapsulates a broad range of
join orders used in practice.

Lemma 1. Any left-deep plan without cross-product for acyclic
queries satisfies the default join order assumption (Definition 1).

PRoof. For a left-deep planwithout cross-product for an acyclic
CQ 𝑜𝑟𝑑 = [𝑆𝑘 , 𝑆𝑘−1, . . . , 𝑆1], our proof proceeds by showing 𝑜𝑟𝑑
permits a rooted join tree that satisfies Definition 1. That is, 𝑆𝑘 is
𝑅𝑘 , the root of some TQ , and for any relation 𝑆𝑖 , its parent in TQ
is 𝑆 𝑗 with 𝑗 ∈ {𝑘, 𝑘 − 1, . . . , 𝑖 + 1}. For a relation 𝑆𝑖 , let attribute
set 𝑎𝑠 (𝑆𝑖 ) denote the set of attributes appear before it in 𝑜𝑟𝑑 , i.e.,
𝑎𝑠 (𝑆𝑖 ) = 𝑠𝑜𝑟𝑡 (𝑆𝑘 ) ∪ · · · ∪ 𝑠𝑜𝑟𝑡 (𝑆𝑖+1). 𝑜𝑟𝑑 has the property that
𝑠𝑜𝑟𝑡 (𝑆𝑖 ) ∩ 𝑎𝑠 (𝑆𝑖 ) ≠ ∅. We want to show there is some relation
𝑆 𝑗 with 𝑗 ∈ {𝑘, 𝑘 − 1, . . . , 𝑖 + 1} such that 𝑠𝑜𝑟𝑡 (𝑆 𝑗 ) ⊇ (𝑠𝑜𝑟𝑡 (𝑆𝑖 ) ∩
𝑎𝑠 (𝑆𝑖 )). If the statement is true, we can construct TQ by adding
edge (𝑆 𝑗 , 𝑆𝑖 ). To prove the statement, for a relation 𝑆𝑢 , suppose
relations before 𝑆𝑢 already form a join tree, i.e., we are about to
attach 𝑆𝑢 to the tree. Suppose the statement is not true and there
are twomore relations 𝑆𝑖 , 𝑆 𝑗 (𝑖 > 𝑗 > 𝑢) in 𝑜𝑟𝑑 such that 𝑠𝑜𝑟𝑡 (𝑆𝑢 )∩
𝑎𝑠 (𝑆𝑢 ) = (𝑠𝑜𝑟𝑡 (𝑆𝑖 ) ∪ 𝑠𝑜𝑟𝑡 (𝑆 𝑗 )) and 𝑠𝑜𝑟𝑡 (𝑆𝑢 ) ∩ 𝑎𝑠 (𝑆𝑢 ) ⊈ 𝑠𝑜𝑟𝑡 (𝑆𝑖 )
(correspondingly for 𝑠𝑜𝑟𝑡 (𝑆 𝑗 ) as well). 𝑆𝑖 and 𝑆 𝑗 are connected via
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a path. To satisfy join tree requirement, one must add two edges
(𝑆𝑖 , 𝑆𝑢 ) and (𝑆 𝑗 , 𝑆𝑢 ), which form a cycle. □

Lemma 1 enables us to construct TQ while deciding order for
TTJ using the standard DP approach [18] with TTJ cost model (§ 8):
At least one partially-built TQ exists for each non-cross-product
cell of the DP matrix. Lemma 1 can be generalized to allow cross-
products as long as cross-products are padded at the end of the
order, i.e., after all the joins.

5 TREETRACKER JOIN OPERATORS
Thedefinition of TTJ in pseudocode, Algorithm 5.1, implements the
operator interface shown in Figure 1. TTJ augments the interface
with one more method deleteDT(R). 𝑅 in the method is a refer-
ence [35] to a relation. From now on, we omit the argument 𝑅 of
deleteDT(R) shown in the figure when refer to the method gener-
ically. Methods in TTJ are associated with an operator instance; a
𝑘-way join implemented only with TTJ requires 𝑘−1 instantiations
of the operator in PQ . Following the Java definition [36], instance
variables, e.g., 𝑟𝑜𝑢𝑡𝑒𝑟 in Algorithm 5.1, are accessible by all methods
of the TTJ operator, which can change the state of those variables
during the runtime. For example, through deleteDT() calls, TTJ
operator 𝑗 manipulates states of TTJ operator 𝑖 by asking 𝑖 to re-
move its tuple (Line 24 2). 𝑛𝑖𝑙 in our algorithms represents no such
value, not the empty set, ∅. For a given join failure, a TTJ join op-
erator Z𝑖 is the detection operator if the join failure happens at Z𝑖
and thus, Line 20 is called. Correspondingly, a TTJ operator is the
removal operator if the operator removes a dangling tuple (Line 24
or Algorithm 5.2 Line 10) due to the deleteDT() call from the de-
tection operator.

Compared to traditional join operator where there are two in-
puts and one output, join operator Z𝑖 from TTJ has three inputs
and two outputs: it produces one additional output via deleteDT
() once join fails and it takes in an additional input from another
join operator’s deleteDT() call if Z𝑖 is on the path between the
detection operator and the removal operator for a join failure.

TTJ relies on Definition 1 because deleteDT() is initiated3, call-
ing Line 20, each time when a join fails at a relation. Since deleteD
T() always sends the relation reference downward, the parent of
the relation has to sit at the lower part of the plan than the relation.
In other words, if deleteDT() is initiated from Z𝑖 that has 𝑅𝑖 as its
inner relation, the destination of deleteDT(), where the recursion
call of itself stops, is the operator associated with 𝑅𝑖 ’s parent in TQ
(cf. Algorithmic Element 3).

Remarks onAlgorithm 5.2.To attain the optimality, Algorithm 5.2
is used to replace the table scan operator associated with 𝑅𝑘 , i.e.,
any non-𝑅𝑘 relation is associated with a normal table scan opera-
tor. Algorithm 5.2 can be viewed as a degenerate TTJ join operator,
which takes in one relation instead of two relations as input (cf.
Algorithmic Element 4).

To avoid ambiguity, we define PQ to be a PQ satisfying the de-
fault join order assumption and all of its join operators using TTJ

2For the rest of the paper, unless noted otherwise, we reference line numbers from
Algorithm 5.1.
3deleteDT() can be further triggered on Line 27 but those calls are triggered by
Line 20.

Algorithm 5.1: TTJ Join Operator
Purpose: An iterator returns, one at a time, the join result

of 𝑅𝑜𝑢𝑡𝑒𝑟 and 𝑅𝑖𝑛𝑛𝑒𝑟 .
Output: A tuple 𝑡 ∈ 𝑅𝑜𝑢𝑡𝑒𝑟Z𝑅𝑖𝑛𝑛𝑒𝑟

1 class TTJOperator implements Operator
Instance variables: 𝑟𝑜𝑢𝑡𝑒𝑟 , 𝑅𝑖𝑛𝑛𝑒𝑟 , 𝑅𝑜𝑢𝑡𝑒𝑟 ,

MatchingTuples
2 void open()
3 𝑟𝑜𝑢𝑡𝑒𝑟 ,MatchingTuples all initialized to 𝑛𝑖𝑙
4 𝑅𝑖𝑛𝑛𝑒𝑟 .open()
5 Build hash table, 𝐻 , containing all tuples from

𝑅𝑖𝑛𝑛𝑒𝑟 . For each tuple, 𝑟𝑖𝑛𝑛𝑒𝑟 , insert it into the
hash table using the join attribute value(s),
𝑗𝑎𝑣 (𝑟𝑖𝑛𝑛𝑒𝑟 ) as the key

6 𝑅𝑜𝑢𝑡𝑒𝑟 .open()
7 Tuple getNext()
8 if MatchingTuples ≠ 𝑛𝑖𝑙 ∧MatchingTuples ≠ ∅ then
9 if (aMatchingTuple← MatchingTuples.next()

) ≠ 𝑛𝑖𝑙 then
10 return the join of 𝑟𝑜𝑢𝑡𝑒𝑟 and

aMatchingTuple
11 𝑟𝑜𝑢𝑡𝑒𝑟 ← 𝑅𝑜𝑢𝑡𝑒𝑟 .getNext()
12 if 𝑟𝑜𝑢𝑡𝑒𝑟 = 𝑛𝑖𝑙 then return 𝑛𝑖𝑙

13 if 𝑟𝑜𝑢𝑡𝑒𝑟 = 𝑛𝑖𝑙 then 𝑟𝑜𝑢𝑡𝑒𝑟 ← 𝑅𝑜𝑢𝑡𝑒𝑟 .getNext()
14 while 𝑟𝑜𝑢𝑡𝑒𝑟 ≠ 𝑛𝑖𝑙 do
15 MatchingTuples← 𝐻 .get( 𝑗𝑎𝑣 (𝑟𝑜𝑢𝑡𝑒𝑟 ))
16 if MatchingTuples ≠ 𝑛𝑖𝑙 then
17 aMatchingTuple← MatchingTuples.next()
18 return the join of 𝑟𝑜𝑢𝑡𝑒𝑟 and

aMatchingTuple
19 else
20 𝑟𝑜𝑢𝑡𝑒𝑟 ← 𝑅𝑜𝑢𝑡𝑒𝑟 .deleteDT(𝑅𝑖𝑛𝑛𝑒𝑟 )

21 return 𝑛𝑖𝑙

22 Tuple deleteDT(Relation 𝑅)
23 if 𝑅𝑖𝑛𝑛𝑒𝑟 is the parent of 𝑅 in TQ then
24 Remove the last returned tuple from

MatchingTuples
25 else
26 MatchingTuples← 𝑛𝑖𝑙

27 𝑟𝑜𝑢𝑡𝑒𝑟 ← 𝑅𝑜𝑢𝑡𝑒𝑟 .deleteDT(𝑅)
28 if 𝑟𝑜𝑢𝑡𝑒𝑟 = 𝑛𝑖𝑙 then return 𝑛𝑖𝑙

29 return getNext()

join operator (Algorithm 5.1) and the table scan operator associ-
ated with 𝑅𝑘 is Algorithm 5.2.

5.1 Examples
We present two examples to illustrate TTJ and highlight the key
algorithmic elements in the operator design.

5.1.1 Chain Query. We extend the binary join in Example 1 with
onemore relation𝐵(𝑧).The database instance is𝑇 (𝑟𝑒𝑑), 𝑆 (𝑟𝑒𝑑, 1, 3),
𝑆 (𝑟𝑒𝑑, 3, 2), and 𝐵(2). Suppose TQ of the query is 𝑇 → 𝑆 → 𝐵,
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Algorithm 5.2: TTJ Table Scan Operator for 𝑅𝑘
Purpose: Table scan operator for 𝑅𝑘 that returns tuples

not in 𝑛𝑔.
1 class TTJRkTableScan implements Operator

Instance variable: 𝑛𝑔
2 void open()
3 𝑛𝑔← ∅
4 Tuple getNext()
5 while has next tuple 𝑡 do
6 if 𝑗𝑎𝑣 (𝑡, 𝑅𝑘 , 𝑅𝑖 ) ∉ 𝑛𝑔 for all children 𝑅𝑖 of 𝑅𝑘 in

TQ then
7 return 𝑡

8 return 𝑛𝑖𝑙

9 Tuple deleteDT(Relation 𝑅)
10 Put 𝑗𝑎𝑣 extracted from the last returned tuple in 𝑛𝑔

11 return getNext()

which is a degenerate tree, same as PQ . Figure 3 is an annotated
query plan for the pipeline evaluation of the query. Note, num-
bered from top to bottom, the annotation includes the hash tables
and their contents for Z1 and Z2. The hash key is 𝑗𝑎𝑣 . The 𝑗𝑎𝑣
for Z1 comprises relation 𝐵’s 𝑧 value(s). The 𝑗𝑎𝑣 for Z2 are the 𝑥
values of 𝑆 .

After recursive open() calls, both H𝐵 and H𝑆 are populated.
Plan evaluation starts with recursive getNext() calls to itself un-
til reaching Line 4 Algorithm 5.2. Since 𝑛𝑔 is empty, 𝑇 (𝑟𝑒𝑑) is re-
turned (Line 7 Algorithm 5.2). 𝑟𝑜𝑢𝑡𝑒𝑟 is set to𝑇 (𝑟𝑒𝑑) inZ2 (Line 13).
Then, Z2 performs a lookup onH𝑆 (Line 15). The resultingMatch-
ingTuples is [(𝑟𝑒𝑑, 1, 3), (𝑟𝑒𝑑, 3, 2)].𝑇 (𝑟𝑒𝑑) joinswith the first tuple
in the list, 𝑆 (𝑟𝑒𝑑, 1, 3). The result (𝑟𝑒𝑑, 1, 3) is immediately piped
to Z1 (Line 18).

AlgoRithmic Element 1. Instead of checking 𝑛𝑔 (Algorithm 2.1
Line 4), TTJ join operator (Algorithm 5.1) assumes every tuple in the
existing hash table is joinable with the given 𝑟𝑜𝑢𝑡𝑒𝑟 .

(𝑟𝑒𝑑, 1, 3) is detected dangling immediately by looking up the
𝑗𝑎𝑣 𝑧 = 3 into H𝐵 (Line 15). Thus, join fails at 𝐵. Since Matching-
Tuples is 𝑛𝑖𝑙 and 𝑅𝑜𝑢𝑡𝑒𝑟 = Z2 in Z1, Z1 calls Z2.deleteDT(B) on
Line 20. In Z2’s deleteDT(B), since 𝑆 (value of 𝑅𝑖𝑛𝑛𝑒𝑟 in Z2) is
the parent of 𝐵 in TQ (Line 23) and 𝑆 (𝑟𝑒𝑑, 1, 3) is the last returned
tuple, 𝑆 (𝑟𝑒𝑑, 1, 3) is dangling and removed fromH𝑆 (Line 24). We
call Z1 detection operator because its 𝑟𝑜𝑢𝑡𝑒𝑟 contains a dangling
tuple. We call Z2 removal operator because the detected dangling
tuple is removed from its hash table.

AlgoRithmic Element 2. Instead of explicitly maintaining 𝑛𝑔
similar to Algorithm 2.1 and checking against 𝑛𝑔 for each 𝑟𝑜𝑢𝑡𝑒𝑟
value, all deleted tuples from a hash table associated with Z𝑖 (𝑖 ∈
[𝑘 − 1]) implicitly form a 𝑛𝑔 associated with the operator. Such im-
plicit 𝑛𝑔 is never checked per Algorithmic Element 1.

AlgoRithmic Element 3. Thedetection operator (e.g.,Z1) where
a tuple is detected as dangling (e.g., 𝑆 (𝑟𝑒𝑑, 1, 3)) is different from the
removal operator where the said tuple is removed (e.g., Z2). 𝑅𝑖𝑛𝑛𝑒𝑟 of
the detection operator and 𝑅𝑖𝑛𝑛𝑒𝑟 of the removal operator follows a

child-parent relation in TQ . Such behavior is analogous to backjump-
ing in constraint satisfaction problem (CSP) [41].

Observe that because both TQ and PQ are degenerate trees, by
the default join order, if the detection operator is Z𝑖 , the removal
operator is Z𝑖+1, which appears immediately before the detection
operator in PQ . As a result, deleteDT() in Algorithm 5.1 can be
simplified by removing the if check (Line 23) and the else block
(Lines 25 to 28). Such observation and simplification do not always
hold as shown in the next example in § 5.1.2.

Once 𝑆 (𝑟𝑒𝑑, 1, 3) is removed, Z2 calls its getNext() (Line 29).
Since MatchingTuples = [(𝑟𝑒𝑑, 3, 2)] now, (𝑟𝑒𝑑, 3, 2) is returned
(Line 10). 𝑟𝑜𝑢𝑡𝑒𝑟 in Z1 is updated to (𝑟𝑒𝑑, 3, 2) due to Line 20.Then,
Z1 looks upH𝐵 (Line 15) and computes the first and the only join
result (𝑟𝑒𝑑, 3, 2) (Line 18).

MatchingTuples

2

1

MatchingTuples
2

Join Failure

Figure 3: Join failure on Z1 triggers a deleteDT() call that
removes (𝑟𝑒𝑑, 1, 3) from the hash table built on 𝑆 .

5.1.2 Arbitrary Join TreeQuery. Arbitrary join tree means a node
in TQ can have more than one child. For this third example, the
3-way join of § 5.1.1 is expanded to 4-ways: 𝑇 (𝑥), 𝑆 (𝑥,𝑦, 𝑧), 𝐵(𝑧),
and𝑅(𝑦, 𝑧).The database is updated as follows:𝑇 (𝑔𝑟𝑒𝑒𝑛),𝑇 (𝑔𝑟𝑒𝑒𝑛),
𝑇 (𝑟𝑒𝑑),𝑇 (𝑟𝑒𝑑), 𝑆 (𝑟𝑒𝑑, 1, 2), 𝑆 (𝑟𝑒𝑑, 3, 2), 𝐵(2), and 𝑅(3, 2). Figure 2
gives the TQ of the query. In particular, 𝑆 has two children: 𝐵 and 𝑅.
Runtime behaviors of TTJ are illustrated in Figure 4 and Figure 5.

MatchingTuplesTuples

3

⑤

Figure 4: Critical execution moment in TTJ plan. 𝑇 (𝑔𝑟𝑒𝑒𝑛) is
a dangling tuple and its 𝑗𝑎𝑣 𝑥 = 𝑔𝑟𝑒𝑒𝑛 is added to 𝑛𝑔 after
receiving deleteDT() call from 𝑆 .
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MatchingTuples

3

2

1

MatchingTuples
2

MatchingTuples

MatchingTuples

3

2

1

(a) (b)

Join Failure Next Tuple to Try⑥

⑦

Figure 5: Join fails at Z1. A series of deleteDT(R) is called, which leads to the removal of 𝑆 (𝑟𝑒𝑑, 1, 2) from hash tableH𝑆 .

⑤ in Figure 4. After plan evaluation begins, getNext() makes
recursive calls to itself ending with a call to 𝑇 ’s TTJ table scan
operator (Line 4 Algorithm 5.2), which returns 𝑇 (𝑔𝑟𝑒𝑒𝑛). The 𝑗𝑎𝑣
𝑥 = 𝑔𝑟𝑒𝑒𝑛 is used to look upH3 (Line 15). Since none of the tuples
in 𝑆 can join with𝑇 (𝑔𝑟𝑒𝑒𝑛), Line 20 is called. For Z3, 𝑅𝑜𝑢𝑡𝑒𝑟 refer-
ences𝑇 and 𝑅𝑖𝑛𝑛𝑒𝑟 references 𝑆 . Thus, argument to the call is 𝑆 and
𝑇 .deleteDT(S) is called, i.e., Algorithm 5.2 deleteDT() method is
invoked, which results in 𝑗𝑎𝑣 𝑥 = 𝑔𝑟𝑒𝑒𝑛 being added to 𝑛𝑔 (Algo-
rithm 5.2 Line 10). getNext() is called (Algorithm 5.2 Line 11). The
second 𝑇 (𝑔𝑟𝑒𝑒𝑛) is skipped because its 𝑗𝑎𝑣 is in 𝑛𝑔 (⑤). The next
tuple 𝑇 (𝑟𝑒𝑑) passes the 𝑛𝑔 check and is returned. Execution now
backs to Line 20 with 𝑟𝑜𝑢𝑡𝑒𝑟 = 𝑇 (𝑟𝑒𝑑).

AlgoRithmic Element 4. Algorithm 5.2 is only used for𝑅𝑘 .Thus,
Z𝑘 (table scan for 𝑅𝑘 ) is the only place where 𝑛𝑔 is explicitly main-
tained and checked. The reason is that 𝑅𝑘 is a base table instead of a
hash table; the operator cannot directly remove tuples from 𝑅𝑘 . Thus,
the use of 𝑛𝑔 is to mimic deleting dangling tuples from a hash table
that would otherwise have been built from 𝑅𝑘 . Analogously, check-
ing 𝑛𝑔 (Line 6 Algorithm 5.2) is to ensure that the deleted tuple never
appears again.

⑥ in Figure 5. Z3’s 𝑟𝑜𝑢𝑡𝑒𝑟 is𝑇 (𝑟𝑒𝑑) and its 𝑗𝑎𝑣 𝑥 = 𝑟𝑒𝑑 is looked
up inside H𝑆 (Line 15). MatchingTuples is [(𝑟𝑒𝑑, 1, 2), (𝑟𝑒𝑑, 3, 2)].
Thus, aMatchingTuple equals (𝑟𝑒𝑑, 1, 2) (Line 17). Then, (𝑟𝑒𝑑, 1, 2)
is returned fromZ3 (Line 18).The value of 𝑟𝑜𝑢𝑡𝑒𝑟 inZ2 is (𝑟𝑒𝑑, 1, 2)
by Line 13. Since 𝐵(2) and (𝑟𝑒𝑑, 1, 2) are joinable, MatchingTuples
is [(2)] from Line 15. (𝑟𝑒𝑑, 1, 2) is then returned from Z2 (Line 18).
𝑟𝑜𝑢𝑡𝑒𝑟 value of Z1 is now (𝑟𝑒𝑑, 1, 2) (Line 13). Looking up tuples
inH𝑅 of Z1 returns 𝑛𝑖𝑙 ; join fails at Z1 (⑥).

⑦ in Figure 5. (𝑟𝑒𝑑, 1, 2) causes the join failure. Since 𝑅𝑜𝑢𝑡𝑒𝑟
is Z2 and 𝑅𝑖𝑛𝑛𝑒𝑟 is 𝑅, Z1 calls Z2.deleteDT(R) (Line 20). Inside
Z2’s deleteDT() implementation, since 𝐵 is not the parent of 𝑅
in TQ (Line 23), deleteDT(R) is recursively called from Line 27 as
Z3.deleteDT(R). Z3’s 𝑅𝑖𝑛𝑛𝑒𝑟 , 𝑆 , is the parent of 𝑅 in TQ .The algo-
rithm removes the last returned tuple fromMatchingTuples, which
is 𝑆 (𝑟𝑒𝑑, 1, 2) (Line 24, ⑦).

getNext() is called fromLine 29 insideZ3’sdeleteDT()method.
SinceMatchingTuples still contains (𝑟𝑒𝑑, 3, 2), (𝑟𝑒𝑑, 3, 2) is returned
as the join result from Z3 (Line 10). In Z2, 𝑟𝑜𝑢𝑡𝑒𝑟 is set to (𝑟𝑒𝑑, 3, 2)
by Line 27. Then, getNext() is called from Line 29. H𝐵 is looked
up again because MatchingTuples is 𝑛𝑖𝑙 (Line 26). MatchingTuples

is [(2)] (Line 15). Join result (𝑟𝑒𝑑, 3, 2) is returned from Line 18.
Z1’s 𝑟𝑜𝑢𝑡𝑒𝑟 is set to (𝑟𝑒𝑑, 3, 2) by Line 20. AfterH𝑅 lookup,Match-
ingTuples is [(3, 2)] (Line 15), which leads to the join result of the
query (𝑟𝑒𝑑, 3, 2).

AlgoRithmic Element 5. For a given join failure, MatchingTu-
ples is set to 𝑛𝑖𝑙 on all the operators (e.g., Z2) that are on the path
between the detection operator (e.g., Z1) and the removal operator
(e.g., Z3) because 𝑟𝑜𝑢𝑡𝑒𝑟 will be changed and all the existing tuples
in MatchingTuples will be invalid.

When Z1’s getNext() is called again,𝑇 (𝑟𝑒𝑑) is returned to Z2.
Since (𝑟𝑒𝑑, 1, 2) is removed from 𝑆 , (𝑟𝑒𝑑, 3, 2) is returned from Z3,
which subsequently leads to the second join result of the query.

5.2 Correctness of TTJ
For the correctness and worst-case runtime analysis, we assume
𝑛𝑔 in Algorithm 5.2 cannot filter out any tuples from 𝑅𝑘 ; 𝑛𝑔 can
only guarantee that a dangling tuple will never reappear once it is
added to 𝑛𝑔. Thus, Algorithm 5.2 Line 6 can be viewed as an imple-
mentation optimization that does not matter in the formal analysis.
Further, let 𝑖𝑡𝑒𝑟 be an iterator onMatchingTuples, i.e., when calling
next() on MatchingTuples, 𝑖𝑡𝑒𝑟 is advanced and returns the next
tuple in MatchingTuples if such tuple exists and 𝑛𝑖𝑙 otherwise.

Lemma 2. For every value assignment to 𝑟𝑜𝑢𝑡𝑒𝑟 , MatchingTuples
is initialized with tuples fromH and implicitly, 𝑖𝑡𝑒𝑟 is reset. Between
each pair of value assignments to 𝑟𝑜𝑢𝑡𝑒𝑟 , MatchingTuples is never
initialized and 𝑖𝑡𝑒𝑟 is never reset.

PRoof. 𝑟𝑜𝑢𝑡𝑒𝑟 is assigned in four places: Lines 11, 13, 20, and 27.
For Lines 11, 13, and 20, MatchingTuples is initialized on Line 15.
For Line 27, since MatchingTuples is set to 𝑛𝑖𝑙 (Line 26), Match-
ingTuples is initialized on Line 15 as well. Since MatchingTuples
is never initialized with tuples fromH in the rest of Algorithm 5.1,
the claim follows. □

Lemma 3. A tuple, 𝑡 , is part of the final join result if and only if
it is not marked as dangling during the query evaluation by delete
DT(), i.e., removed from a hash table or added to 𝑛𝑔.

PRoof. We prove the equivalent statement: a tuple 𝑡 is marked
as dangling by deleteDT() during the query evaluation if and only

6



if 𝑡 is not part of the final join result. Whenever deleteDT() is
called, a tuple is removed from a hash table or added to 𝑛𝑔. delete
DT() is initiated if and only ifMatchingTuples = 𝑛𝑖𝑙 , which means
𝑟𝑜𝑢𝑡𝑒𝑟 contains a dangling tuple, i.e., some tuple is not part of the
final join result. □

Theorem 4 (Correctness of TTJ). ExecutingPQ , a left-deep query
plan satisfying the default join order assumption for a full acyclic
conjunctive query of 𝑘 relations using 𝑘 − 1 instances of Algo-
rithm 5.1 as join operators and 1 instance of Algorithm 5.2 as the
table scan operator for 𝑅𝑘 , computes the correct query result.

PRoof. We show 𝐽1 = 𝐽 ∗1 under bag semantics. We first show
𝐽1 ⊆ 𝐽 ∗1 . Let 𝑡 ∉ 𝐽 ∗1 . Recall

𝐽 ∗1 =
{
𝑡 over 𝑠𝑜𝑟𝑡 (PZ1 ) | 𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑢 )] ∈ 𝑅𝑢 ∀𝑢 ∈ [𝑘]

}
.

If there doesn’t exist a relation 𝑅 in Q such that 𝑡 [𝑠𝑜𝑟𝑡 (𝑅)] ∈ 𝑅,
it is trivial to see that 𝑡 ∉ 𝐽1. Suppose 𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑢 )] ∈ 𝑅𝑢 for 𝑢 =
{𝑘, 𝑘 − 1, . . . , 𝑖 + 1} but 𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑢 )] ∉ 𝑅𝑢 for 𝑢 = {𝑖, 𝑖 − 1, . . . , 1}.
By default join order (Definition 1), 𝑅𝑖 must be a child of some
relation 𝑅 𝑗 with 𝑖 < 𝑗 such that 𝑡 [𝑠𝑜𝑟𝑡 (𝑅 𝑗 )] ∈ 𝑅 𝑗 and 𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑖 )] ∉
𝑅𝑖 . By TQ definition, 𝑠𝑜𝑟𝑡 (𝑅𝑖 ) ∩ 𝑠𝑜𝑟𝑡 (𝑅 𝑗 ) ≠ ∅. The only non-trivial
reason that 𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑖 )] ∉ 𝑅𝑖 is because 𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑖 ) ∩ 𝑠𝑜𝑟𝑡 (𝑅 𝑗 )] ∉
𝜋𝑠𝑜𝑟𝑡 (𝑅𝑖 )∩𝑠𝑜𝑟𝑡 (𝑅 𝑗 ) (𝑅𝑖 ). In such case, TTJwill call deleteDT() from
the join operator connected with 𝑅𝑖 and 𝑡 [𝑠𝑜𝑟𝑡 (𝑅 𝑗 )] will be deleted
from H𝑅 𝑗 or put onto 𝑛𝑔. Thus, 𝑡 is not in 𝐽1. If there is a relation
𝑅𝑢 with 𝑘 ≤ 𝑢 ≤ 𝑖 + 1 such that 𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑢 )] ∉ 𝑅𝑢 , 𝑡 ∉ 𝐽1 by the
definition of join. The same argument applies if 𝑡 are duplicated.

To show 𝐽 ∗1 ⊆ 𝐽1, suppose 𝑡 ∈ 𝐽 ∗1 but ∉ 𝐽1. 𝑡 [𝑠𝑜𝑟𝑡 (𝑅1)] is part
of the join result and with Lemma 3, 𝑡 [𝑠𝑜𝑟𝑡 (𝑅1)] is never deleted.
Thus, it must be that 𝑡 [𝑠𝑜𝑟𝑡 (PZ2 )] ∈ 𝐽 ∗2 but 𝑡 ∉ 𝐽2. The same argu-
ment applies to every operator in the plan. Eventually, we have
𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑘 )] ∈ 𝐽 ∗

𝑘
but 𝑡 ∉ 𝐽𝑘 . However, this is a contradiction.

𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑘 )] ∈ 𝐽 ∗
𝑘

and joins with the rest of the relations in plan.
Thus, with Lemma 3, 𝑡 [𝑠𝑜𝑟𝑡 (𝑅𝑘 )] ∉ 𝑛𝑔 and ∈ 𝐽𝑘 .

Next, we show |𝐽1 | = |𝐽 ∗1 |. That is, for a given 𝑡 ∈ 𝐽 ∗1 , we show
the number of tuples 𝑡 that are in 𝐽 ∗1 equals to the number of tuples
𝑡 in 𝐽1. With Lemma 3, TTJ will not falsely remove a tuple 𝑡 that
is in 𝐽 ∗1 and if 𝑡 is a dangling tuple, it is removed by deleteDT(
). Further, by Lemma 2, each tuple from Z𝑢Z𝑅𝑢−1 is enumerated
once. Thus, the claim holds. □

6 OPTIMALITY OF TTJ
The complexity analysis of a collection of 𝑘 − 1 TTJ operators to
compute a 𝑘-way join, Q, is done in two parts. We first propose a
general condition for any left-deep plan PQ satisfying the default
join order assumption called the clean state (§ 6.1). Clean state is
an intermediate point in the evaluation of the PQ where we prove
that from the clean state the time required to complete the query
evaluation isO(𝑛 + 𝑟 ). We then show PQ is able to reach the clean
state and the work done by TTJ between beginning of the query
evaluation and reaching the clean state is no more than the work
done after reaching the clean state (§ 6.2).

6.1 Clean State
Any full CQs (not just acyclic CQs) can be evaluated in O(𝑛 + 𝑟 )
if the relations have no dangling tuples. One way to achieve such

goal for acyclic CQs is full reducer 𝐹Q [11]. A forklore result [2]
states that using reducing semijoin program 𝐻𝐹Q [11] is sufficient
for the aforementioned complexity. Furthermore, 𝐻𝐹Q allows the
existence of dangling tuples. However, even 𝐻𝐹Q removes more
dangling tuples than necessary. We define a more relaxed condi-
tion, clean state, to represent the state of relations with the pres-
ence of dangling tuples but still admits the optimal evaluation. We
discuss the relationship among 𝐹Q , 𝐻𝐹Q , and clean state in more
details after Theorem 6.

Definition 2 (clean state). PQ satisfying Definition 1 reaches
clean state if contents of the relations in the plan satisfies the fol-
lowing conditions:

(i) R𝑘 >< R̃𝑢 = ∅ for the root of TQ , 𝑅𝑘 and its children 𝑅𝑢 ;
(ii) R𝑖 = R̃𝑖 for all the leaf relations 𝑅𝑖 of TQ ; and
(iii) (R𝑖 ><𝐽 ∗𝑖+1) >< R̃𝑢 = ∅ for internal◦ relation 𝑅𝑖 and their

child relations 𝑅𝑢 . The content of 𝑅𝑖 satisfying the condition is de-
noted by R̃𝑖

Our key result in this section is to show clean state enables op-
timal evaluation, i.e., once PQ reaches clean state, PQ evaluation
will not produce dangling tuples and optimal.

Lemma 5. When PQ is in clean state, 𝑅𝑘 is the same as 𝑅∗
𝑘
.

PRoof. SupposePQ is in clean state. Assume there is a dangling
tuple 𝑑 ∈ 𝑅𝑘 . Suppose {𝑑} Z𝑅𝑘−1Z . . .Z𝑅 𝑗 but cannot join with
𝑅 𝑗+1 with 𝑗 ∈ {𝑘 − 1, . . . , 2}. Given PQ satisfying Definition 1,
parent of 𝑅 𝑗+1, 𝑅𝑖 , must be one of the relations joinable with {𝑑}.
Thus, 𝑅𝑖 is not in clean state. Contradiction. □

Theorem 6 (Clean state implies optimal plan evaluation). If
PQ is in clean state, any intermediate result generated from PQ
evaluation will not contain dangling tuples and PQ can be evalu-
ated optimally.

PRoof. Proof by induction on the height of TQ , ℎ. Base case
ℎ = 0. Claim trivially holds. Suppose the claim holds for height
of TQ < ℎ. Let 𝑅ℎ be the root of TQ with height ℎ. Let 𝑅 𝑗 be a
child of 𝑅ℎ . With Lemma 5, no dangling tuples produced when 𝑅ℎ
join with𝑅 𝑗 . By induction assumption, no dangling tuple produced
when further join 𝑅ℎZ𝑅 𝑗 with relations in subtree rooted in 𝑅 𝑗 . Re-
peat the same argument for each child of 𝑅ℎ and the result follows.
Notice the order of 𝑅 𝑗 s that invoke proof arguments is specified by
the order in PQ , which satisfies Definition 1. □

Discussion. 𝐻𝐹Q is a sequence of semijoins and its order is de-
termined by traversing TQ bottom-up and constructing 𝑅𝑝 ><𝑅𝑐
where 𝑅𝑝 is a parent relation and 𝑅𝑐 is one of its children. The re-
sulting relations after 𝐻𝐹Q are denoted 𝑅′𝑖 . 𝐹Q extends 𝐻𝐹Q by
traversing TQ top-down applying 𝑅′𝑐 ><𝑅

′
𝑝 (𝑅𝑐 ><𝑅′𝑝 if 𝑅𝑐 is a leaf

node). After 𝐹Q , relations are free of dangling tuples, i.e., R = R∗𝑖
for 𝑖 ∈ [𝑘]. Clearly, relations that are free from dangling tuples
are in clean state. Thus, relations after full reducer 𝐹Q are in clean
state. Relations after 𝐻𝐹Q are in clean state as well. Leaf relations
after𝐻𝐹Q satisfy Condition (ii) (by definition of𝐻𝐹Q ) and the root
relation after 𝐻𝐹Q satisfies Condition (i) (by Lemma 5 and Lemma
4 of [11]). For an internal◦ relation 𝑅𝑖 , it satisfies R𝑖 >< R̃𝑢 = ∅,
which implies the satisfaction of Condition (iii). Evidently, state
of relations after 𝐻𝐹Q or 𝐹Q is stricter than what is required by
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clean state, i.e., removing more tuples than necessary for the op-
timal evaluation; tuples of 𝑅𝑖 that are not joinable with 𝐽 ∗𝑖+1 will
be removed by both 𝐹Q and 𝐻𝐹Q if such tuples are not joinable
with tuples from any child relation of 𝑅𝑖 . However, those tuples
are allowed to present in clean state. 𝐹Q has its own advantages
over clean state and 𝐻𝐹Q by not relying on join order, i.e., opti-
mality of both clean state and 𝐻𝐹Q requires relations to be joined
as the top-down pass of TQ , which is not needed by 𝐹Q due to the
absence of dangling tuples.

6.2 Runtime Analysis of TTJ
Lemma 7. Algorithm 5.2 Line 10 is executed whenever R𝑘 ><

R𝑢 ≠ ∅ for child relation 𝑅𝑢 of 𝑅𝑘 . Similarly, Line 24 is executed
whenever R𝑖 >< R𝑢 ≠ ∅ for internal◦ relations 𝑅𝑖 and its child 𝑅𝑢 .
R𝑢 indicates the content of 𝑅𝑢 can change during TTJ execution.

PRoof. We prove the claim on Algorithm 5.2 Line 10; claim on
Line 24 can be proved similarly. 𝑡 ∈ 𝑅𝑘 can be dangling for two
reasons: (1) 𝑡 is dangling at the very beginning of the execution,
i.e., {𝑡} >< 𝑅𝑢 = {𝑡}. Then, during the execution with 𝑡 from Z𝑘 ,
join fails at Z𝑢 , and deleteDT() is initiated (Line 20). Since 𝑅𝑘 is
the parent of 𝑅𝑢 , Algorithm 5.2 Line 10 is executed. (2) 𝑡 becomes
dangling after all tuples from 𝑅𝑢 >< {𝑡} are removed. After the last
tuple in 𝑅𝑢 >< {𝑡} is removed by Line 24, MatchingTuples becomes
empty at Z𝑢 . Line 29 is then called. Since MatchingTuples = ∅ and
𝑅𝑢 >< {𝑡} = ∅, Line 15 is executed and returns 𝑛𝑖𝑙 . deleteDT() is
initiated and Algorithm 5.2 Line 10 will be executed. □

Lemma 8. PQ is in clean state once TTJ finishes execution.

PRoof. Satisfaction of Condition (ii). Suppose𝑅𝑖 is a leaf relation.
Since relations that have tuples removed or put into 𝑛𝑔 are parent
of some other relations in TQ , condition holds.

Satisfaction of Condition (iii). Start with internal◦ relations 𝑅𝑖
that are parent of leaf relations 𝑅𝑢 . Then, R𝑢 = R̃𝑢 . By Lemma 3
and parent-child relation between 𝑅𝑖 and 𝑅𝑢 , (R𝑖 ><𝐽 ∗𝑖+1) >< R̃𝑢
is empty. Thus, R𝑖 = R̃𝑖 when TTJ finishes execution. Now, let
𝑅𝑖 be an internal◦ relation and 𝑅𝑢 be its child, which is also an
internal◦ relation. Start 𝑅𝑢 be the parent of leaf relations and apply
the same argument from the previous case. R𝑖 = R̃𝑖 . Repeat the
same argument all the way till 𝑅𝑢 be the grandchild of 𝑅𝑘 .

Satisfaction of Condition (i). By Lemma 5, equivalently, we show
R𝑘 − 𝑛𝑔 = R∗

𝑘
. (1) R∗

𝑘
⊆ R𝑘 − 𝑛𝑔. Suppose 𝑡 ∉ R𝑘 − 𝑛𝑔. This

means 𝑡 is one of the tuples removed by Algorithm 5.2 Line 10.
With Lemma 7, 𝑡 ∉ R∗

𝑘
. (2) R∗

𝑘
⊇ R𝑘 − 𝑛𝑔. Suppose 𝑡 ∉ R∗𝑘 . Then, 𝑡

has to be a dangling tuple causes a join failure at some relation 𝑅.
By the proof of Lemma 7, either deleteDT() is called directly (𝑅 is
a child of 𝑅𝑘 ) or indirectly (𝑅 causes all tuples from 𝑅𝑢 , a child of
𝑅𝑘 , joining with 𝑡 removed). Thus, 𝑡 ∉ R𝑘 − 𝑛𝑔. □

Lemma 9. TTJ evaluates PQ in O(𝑛 + 𝑟 ) once PQ is clean.

PRoof. ByTheorem 6, once PQ reaches clean state, no dangling
tuple is produced by Z𝑢 for 𝑢 ∈ [𝑘]. Thus, no more calls on delete
DT(). There are 𝑘 relations and 𝑘 − 1 join operators, open() takes
𝑂 (𝑘𝑛) as each operator is called once and takes 𝑂 (𝑛) to build H .
It takes 𝑂 (𝑘) getNext() calls to compute a tuple in 𝐽 ∗1 . Since each

getNext() call takes𝑂 (1), it takes𝑂 (𝑘) to compute one join result
and𝑂 (𝑘𝑟 ) for 𝐽 ∗1 . Thus, in total, we have𝑂 (𝑘𝑛+𝑘𝑟 ) = O(𝑛+𝑟 ). □

Evaluating PQ can now be viewed as containing two pieces
of work: (1) non-result-generation step that makes PQ reach clean
state; and (2) result-generation step to generate the join result, which
takes O(𝑛 + 𝑟 ). Thus, to show TTJ optimality, we show the cost of
non-result-generation step is no larger than the result-generation
step. We denote the cost associated with the non-result-generation
step as cleaning cost.

Theorem 10 (Data complexity optimality of TTJ). 𝑘 TTJ in-
stances, 𝑘 − 1 instances of Algorithm 5.1 for join operators and
1 instance of Algorithm 5.2 for 𝑅𝑘 , evaluates acyclic CQs of 𝑘 rela-
tions using left-deep query plan with default join order inO(𝑛+𝑟 ),
meeting the optimality bound for acyclic CQs in data complexity.

PRoof. By Lemma 8, the execution of a plan is in clean state
when TTJ execution finishes. The amount of work that makes PQ
clean, i.e., cleaning cost, is fixed despite the distribution of dangling
tuples in the relations. Suppose the execution is in clean state after
computing the first join result.

To bound the cleaning cost, we bound the cost of getting the
first join result. Cleaning cost of TTJ includes the following com-
ponents: (1) the cost of open(), which is 𝑂 (𝑘𝑛); (2) the cost of
getNext(); and (3) the cost of deleteDT(), which is bounded by
the cost of getNext() as well.

The total cost of getNext() is bounded by the total number
of loops (starting at Line 14). Within the loop, hash table lookup
(Line 15) is𝑂 (1).The total number of loops equals to the total num-
ber of times that 𝑟𝑜𝑢𝑡𝑒𝑟 is assigned with a value. 𝑟𝑜𝑢𝑡𝑒𝑟 assignment
happens on Lines 11, 13, 20, and 27. Line 13 is called when get
Next() is recursively called from Z1 to start computing the first
join result, which in total happens 𝑘 times. Afterwards, whenever
𝑟𝑜𝑢𝑡𝑒𝑟 becomes𝑛𝑖𝑙 , execution terminates by returning𝑛𝑖𝑙 (Lines 12,
21, and 28) and Line 13 never gets called.

Each time deleteDT() is called from Line 20, exactly one tuple
is removed. Thus, 𝑟𝑜𝑢𝑡𝑒𝑟 is assigned 𝑂 (𝑘𝑛) times on Line 20. After
a call to deleteDT() made in the 𝑖th operator (𝑖 ∈ [𝑘 − 2]) from
Line 20, deleteDT() can be recursively called at most 𝑘 − 𝑖 times
from Line 27. The number of deleteDT() calls with 𝑘 − 𝑖 recursive
calls is at most 𝑛 because each relation has size 𝑛 and each initi-
ation of deleteDT() removes a tuple. Thus, the total number of
assignment to 𝑟𝑜𝑢𝑡𝑒𝑟 from Line 27 is ≤ ∑𝑘−2

𝑖=1 (𝑘 − 𝑖) · 𝑛 = 𝑂 (𝑘2𝑛).
If deleteDT() is never called during the computation of the first

join result, Line 11 is not called. Line 11 can only be called from
Line 29 when Line 23 is evaluated to true; any getNext() calls
(Line 29) from recursive deleteDT() calls triggered by Line 20 will
not call Line 11 because MatchingTuples is set to 𝑛𝑖𝑙 on Line 26.
Thus, the number of calls on Line 11 equals to the number of dele
teDT() calls from Line 20, which is 𝑂 (𝑘𝑛).

Summing everything together, cleaning cost is 𝑂 (𝑘2𝑛). Since
PQ is clean after computing the first join result, with Lemma 9,
the result follows. □

Theorem 10 gives 𝑂 (𝑘2𝑛 + 𝑘𝑟 ) combined complexity. We can
further improve it to 𝑂 (𝑛𝑘 log𝑘 + 𝑘𝑟 ) by constraining the default
order assumption (Definition 1). In particular, to decide join order,
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one pre-order traverses TQ and when multiple subtrees exist for a
given relation in TQ , one breaks ties by visting the largest subtree
of any relation last [8]. Figure 6 shows an example.

(a) (b)
Figure 6: Given TQ in (a), one decides join order by pre-order
traversing over TQ and breaking ties via visiting the largest
subtree of any relation last. The resulting order (b) satisfies
default join order assumption.

Theorem 11 (Improving combined complexity of TTJ). Com-
bined complexity of TTJ can be improved to 𝑂 (𝑛𝑘 log𝑘 + 𝑘𝑟 ) (log
is base 2) if one performs pre-order traversal over TQ and break
ties by visiting the largest subtree of any relation last.

PRoof. The new order strategy only changes the total number
of deleteDT() calls (Line 27) in Theorem 10 proof. For a given TQ ,
let 𝑏𝑖 denote the number of relations between the join failure re-
lation 𝑅𝑖 and its parent. Note that 𝑏𝑖 is exactly the same as the
number of deleteDT() calls generated (Line 27) when join fails at
Z𝑖 . 𝑏𝑖 ≤ 𝑘−𝑖 for the default join order. Let 𝑑𝑖 denote the number of
descendents of an internal relation 𝑅𝑖 and𝑚𝑖 denotes the number
of relations in the largest subtree rooted at one of 𝑖’s children, e.g.,
in Figure 6, 𝑑𝑇 = 4 and𝑚𝑇 = 3. Since the new order satisfies Defi-
nition 1, when join fails at 𝑅𝑖 , only descendents of 𝑅 𝑗 (the parent of
𝑅𝑖 ) could exist between 𝑅𝑖 and 𝑅 𝑗 in the order. The largest number
of deleteDT() generated when join fails at the root relation of the
largest subtree of a relation. Thus, 𝑏𝑖 ≤ 𝑑𝑖 −𝑚𝑖 + 1.

Next, we prove
∑𝑘−1
𝑖=1 𝑏𝑖 ≤ 𝑘 log𝑘 . Proof by induction on the

size of TQ . Base case 𝑘 = 1, the claim holds. Assuming the claim
holds for 𝑘 − 1. Suppose there are 𝑠 subtrees of 𝑅𝑘 and each with
size 𝑘1, . . . , 𝑘𝑠 . Let 𝑘𝑚 denote the largest subtree. Then 𝑏𝑟 ≤ (𝑘 −
1) − 𝑘𝑚 + 1 = 𝑘 − 𝑘𝑚 . Thus,

∑𝑘−1
𝑖=1 𝑏𝑖 ≤

∑𝑠
𝑖=1 𝑘𝑖 log𝑘𝑖 + (𝑘 − 𝑘𝑚) ≤

𝑘 log𝑘𝑚 + (𝑘 − 𝑘𝑚) ≤ 𝑘 log𝑘 (the last inequality follows Lemma
A.1 in [8]). Then, the total number of deleteDT() calls on Line 27
is ≤ ∑𝑘−1

𝑖=1 𝑏𝑖𝑛 = 𝑂 (𝑛𝑘 log𝑘). □

7 TWO PRACTICAL CONSIDERATIONS
To put TTJ into practice, there are issues beyond the algorithm it-
self. Two of the most important ones are: (1) how to model the cost
of TTJ and enable cost-based optimization (§ 7.1); and (2) how to
use TTJ with bushy query plans (§ 7.2).

7.1 TTJ Cost Model
To determine a good PQ the cost must consider and model the use
of TQ . One simple but effective cost model is the sum of intermedi-
ate result sizes [13, 15, 30, 46], which comprises two components:
the dangling tuples produced and the size of intermediate results
that are part of final join result. Thus, the idea of the model is to
estimate the impact of TTJ on those components. Since TTJ also
reduces inner relation sizes, like [15], TTJ cost includes the size of
inner relations that are in clean state as well. Theorem 12 gives the
TTJ cost equation.

Theorem 12. The cost of TTJ, i.e., the cost of TQ when evaluated
by TTJ, is

𝑚∑
𝑖=1

|A𝑖 |−1∑
𝑡=0

𝑏𝑅𝑖
𝑅𝑡+1
𝑢
| (R[𝑡 ]𝑖

><𝐽 ∗𝑖+1) >< R̃
𝑡+1
𝑢 ) | (1)

+
𝑠∑

𝑖=1

|B𝑖 |−1∑
𝑡=0

𝑏𝑅𝑖
𝑅𝑡+1
𝑢
| (R[𝑡 ]𝑖

><𝐽 ∗𝑖+1) >< R̃
𝑡+1
𝑢 ) | (2)

+
|C |−1∑
𝑡=0

𝑏𝑅𝑘
𝑅𝑡+1
𝑢
|𝛿 (𝜋 𝑗𝑎 (𝑅𝑘 ,𝑅𝑡

𝑢 ) (R
[𝑡 ]
𝑘

>< R̃𝑡+1𝑢 )) | (3)

+
1∑
𝑗=𝑘

|𝑓 (𝑆 𝑗 ) | (4)

+
𝑘∑
𝑖=2

|R̃𝑖 | (5)

Equations (1) to (3) give the number of dangling tuples, which
are built around clean state. Equation (4) gives the size of interme-
diate results (including the size of 𝑅∗

𝑘
) that are part of final join

result. Equation (5) is the summation of size of internal◦ and leaf
relations that are in clean state.

As defined in the proof of Theorem 11, 𝑏𝑅𝑆 is the number of re-
lations between 𝑅 and 𝑆 in PQ , which counts the number of addi-
tional dangling tuples are generated given a dangling tuple from
𝑅 and detected at 𝑆 . We define the following three sets over the
relations in TQ : (1)A consists of all the leaf relations 𝑅𝑢 such that
internal◦ relation 𝑅𝑖 are their parent. We partition A by leaf re-
lations’ parents, A1, . . . ,A𝑚 where A𝑖 is the set of leaf relations
that have the parent 𝑅𝑖 . Thus, |A𝑖 | represents the number of leaf
relations in TQ that are children of 𝑅𝑖 . Let us label those leaf re-
lations 𝑅1𝑢 , . . . 𝑅

|A𝑖 |
𝑢 ; (2) B consists of internal◦ relations 𝑅𝑢 that

their parents 𝑅𝑖 are internal◦ relations. Similarly to A1, . . . ,A𝑚 ,
we partition B by the parent of 𝑅𝑢 : we have B1, . . . ,B𝑠 . |B𝑖 | and
𝑅1𝑢 , . . . , 𝑅

|B𝑖 |
𝑢 are defined similarly as above; and (3) C comprises

all the relations 𝑅𝑢 that are children of 𝑅𝑘 . The children of 𝑅𝑘 are
labeled 𝑅1𝑢 , . . . , 𝑅

|C |
𝑢 . Equation (6) defines R[𝑡 ]𝑖 , which reflects the

gradual discovery of dangling tuples of 𝑅𝑖 during PQ evaluation.

R
[𝑡 ]
𝑖 =

{
R𝑖 if 𝑡 = 0

R
[𝑡−1]
𝑖 − ((R[𝑡−1]𝑖

><𝐽 ∗𝑖+1) >< R̃
𝑡
𝑢 ) otherwise

(6)

Suppose the join order (w.r.t. TQ ) determined either syntacti-
cally from TQ or from the DP algorithm is [𝑆𝑘 , . . . , 𝑆1] where 𝑆 𝑗 =
𝑅𝑖 for some 𝑖 ∈ [𝑘] (the order is from the left to right in PQ ). 𝑓 (𝑆 𝑗 )
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in Equation (7) computes the size of intermediate results that are
part of the final join result. Given Definition 1, the first relation to
apply 𝑓 is always 𝑅𝑘 , root of TQ , and its content, per Lemma 5, is
R∗
𝑘
.

𝑓 (𝑆 𝑗 ) =
{
R∗
𝑘

if 𝑗 = 𝑘

S̃𝑗Z𝑓 (𝑆 𝑗+1) otherwise
(7)

Example 2. Using the example from § 5.1.2, we illustrate how
to compute Equations (1) to (3), the most complex terms in the
cost equation. Assuming the join order is [𝑇, 𝑆, 𝐵, 𝑅]. Start with
Equation (1).A = {𝐵, 𝑅}. Since both 𝐵 and 𝑅 have the same parent,
𝑆 ,𝑚 = 1. Thus, the cost is 1 · | (𝑆 ><𝑇 ) >< 𝐵 | + 2 · | (𝑆 [1] ><𝑇 ) ><
𝑅 |. In particular, 1 · | (𝑆 ><𝑇 ) >< 𝐵 | = 0. Therefore, 𝑆 [1] = 𝑆 . 2 ·
| (𝑆 [1] ><𝑇 ) >< 𝑅 | = 2 due to 𝑆 (𝑟𝑒𝑑, 1, 2). Thus, 𝑆 = {(𝑟𝑒𝑑, 3, 2)}.
Since B = ∅, we do not need to compute Equation (2). To compute
Equation (3), due to C = {𝑆}, we have 1· |𝛿 (𝜋𝑥 (𝑇 >< 𝑆)) | = 1.Thus,
the number of dangling tuples produced by TTJ is 0 + 2 + 1 = 3.

Our empirical evaluation implements the cost model in combi-
nation with the DP algorithm to decide both PQ and TQ for TTJ
(detailed in § 8.1). A limitation ofTheorem 12 is the lack of physical
cost coefficients. Addressing such limitation is a future work.

7.2 Bushy Plan
A common approach to evaluate a bushy plan is to decompose it
into a sequence of left-deep subplans: right child of every join op-
erator forms a left-deep subplan and is evaluated first before pro-
ceeding with the join [45, 53]. In particular, for in-memory hash
join, build side is a blocking operation, i.e., hash tables can be con-
structed not just from base relations but also from intermediate re-
sults computed from subplans, which are buffered inside the mem-
ory [25, 45]. TTJworks with bushy plan exactly as above. The only
issue to address is to have the bushy plan satisfy the default join
order assumption (Definition 1) so that when join fails at 𝑅, dele
teDT() can find its parent. We use Algorithm 7.1 to control the
construction of a bushy plan for TTJ. Such algorithm can be eas-
ily adapted into a decision procedure to check compatibility of a
given bushy plan with TTJ, i.e., constructing a TQ from the given
plan such that default join order assumption is satisfied.

Fragment group 𝐹𝐺 is a set of nodes inTQ constituting a subplan.
We use 𝐹𝐺 and subplan interchangeably. Any node from TQ only
belongs to one group. The key idea to form a bushy plan is that we
create a TTJ-compatible subplan for each group and connect them
altogether using TTJ join operators again. Fragment groups are
formed with the property that parent node belongs to the same or
lower-numbered group than its child node(s) in TQ . Line 2 checks
sibling node to avoid cross-product when join two subplans. The
resulting plan satisfies the default join order assumption and can
be evaluated by TTJ directly.

Example 3. Consider Q represented in Figure 7 (a). There are
two fragment groups 𝐹𝐺1 = {𝑇, 𝑆, 𝑅} and 𝐹𝐺2 = {𝑈 , 𝐷,𝑉 }. The
whole plan is being evaluated by TTJ operators: every join opera-
tor is TTJ join operator; 𝑇 and 𝑈 are TTJ table scan operators and
the rest are normal table scan operators. deleteDT() happens for
two cases: (1) deleteDT() happens inside the subplan. For exam-
ple, join fails at Z4 (⑧). Since 𝑈 is the parent of 𝑉 , a tuple from

Algorithm 7.1: Construct bushy plan for TTJ
Input: TQ
Output: A bushy plan that can be evaluated by TTJ

1 Starting from the root of TQ , visit each node in pre-order
traversal.

2 For each node, decide whether create a new fragment
group 𝐹𝐺𝑖+1 or put it to the fragment group 𝐹𝐺𝑖 where its
parent node belongs. If for a node 𝑅 and its left sibling
node 𝑆 has 𝑠𝑜𝑟𝑡 (𝑅) ∩ 𝑠𝑜𝑟𝑡 (𝑆) = ∅, 𝑅 has to be in the same
group as its parent. Suppose there are fragment groups
𝐹𝐺𝑖 for 𝑖 ∈ [𝑚] at the end of this step.

3 For each 𝐹𝐺𝑖 for 𝑖 ∈ [𝑚], create a subplan satisfying the
default join order .

4 Start from 𝐹𝐺𝑚 and connect it with the subplan from
𝐹𝐺𝑚−1 with a TTJ join operator. The resulting subplan, a
new 𝐹𝐺𝑚−1, is connected with the subplan 𝐹𝐺𝑚−2 and
continue. When connecting two subplans 𝐹𝐺𝑖 and 𝐹𝐺𝑖−1,
we always put 𝐹𝐺𝑖−1 as the left child of TTJ join operator.
The step repeats until all the subplans are connected.

(a) (b)

1

2 4

5

⑨

⑧
3

Figure 7: Given TQ in (a), there are two fragment groups 𝐹𝐺1

and 𝐹𝐺2. (b) is a bushy plan constructed from the two frag-
ment groups. Join failures can be categorized into two cases:
within 𝐹𝐺 (⑧) and across 𝐹𝐺s (⑨).

𝑈 is added to 𝑛𝑔; and (2) deleteDT() happens at the join operator
connecting two subplans. For example, join fails at Z1 (⑨). In this
case, deleteDT() sends the reference to the root of 𝐹𝐺2,𝑈 , down-
ward. The rest of the evaluation is the same as the left-deep plan
case in the previous sections.

Lemma 13. The bushy plan constructed from Algorithm 7.1 satis-
fies default join order assumption (Definition 1).

PRoof. Let 𝑆 be a node and 𝑅,𝑈 be its children. There are three
possible cases: (1) if 𝑅 and 𝑈 are all within the same 𝐹𝐺 as 𝑆 , by
Line 3, the claim holds; (2) if one of its children is in a different 𝐹𝐺 ,
say, 𝑈 . Since 𝑆 is in the 𝐹𝐺 with smaller numbering, by Line 4, 𝑆
is to the left of𝑈 . 𝑆 is to the left of 𝑅 because they are in the same
𝐹𝐺 ; and (3) if all of its children are in different 𝐹𝐺s, by a similar
argument as the previous case, the claim holds. □

Theorem 14 (Correctness). TTJ evaluates Q correctly under the
bushy plan constructed from Algorithm 7.1.
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PRoof. By Lemma 13 and Theorem 4, TTJ evaluates relations
associated with each 𝐹𝐺 correctly. We only need to focus on TTJ
operators that join two different 𝐹𝐺s and show it generates the
correct join result. W.l.o.g., the two 𝐹𝐺s are denoted 𝐹𝐺1 and 𝐹𝐺2.
We want to show 𝐹𝐺1Z𝐹𝐺2 is correct. If all tuples from 𝐹𝐺1 are
joinable with some tuple from 𝐹𝐺2 join result, the claim holds. Sup-
pose 𝑡 ∈ 𝐹𝐺1 cannot join with any tuple from 𝐹𝐺2 and thus dan-
gling. By Lemma 13, the parent of the node where join fails must
be in 𝐹𝐺1. Applying the same arguments in Theorem 4, the claim
holds. □

Let 𝑟𝑖 denote the size of the join result computed from 𝐹𝐺𝑖 .

Theorem 15 (Data complexity of TTJ on bushy plan). Suppose
there are 𝑚 𝐹𝐺s and each has result size 𝑟1, . . . , 𝑟𝑚 , respectively.
TTJ runs O(𝑛 +max(𝑟1, . . . , 𝑟𝑚)).

PRoof. Note that 𝑚 ≤ 𝑘 . Proof by induction on the number
of 𝐹𝐺s in the plan. Base case 𝐹𝐺𝑚 . It takes O(𝑛 + 𝑟𝑚) to eval-
uate it. Suppose the claim holds for all the fragment groups un-
til 𝑖 . To evaluate the plan associated with 𝐹𝐺𝑖−1, it takes O(𝑛 +
max(𝑟𝑖+1, . . . , 𝑟𝑚)) to evaluate the subplan associated with 𝐹𝐺𝑖 .
By Line 4, 𝐹𝐺𝑖 appears as 𝑟𝑖𝑛𝑛𝑒𝑟 , which TTJ builds the hash table.
TTJ takes 𝑟𝑖 to buildH corresponding to 𝐹𝐺𝑖 . Result follows. □

8 EVALUATION
Our empirical study uses HJ as a baseline against which we can
evaluate how TTJ performs on acyclic CQs.

8.1 Experimental Setup
Implementation. We implemented a query engine in Java. The de-
sign is similar to the architecture of recent federated database sys-
tems [10, 43]. The query optimizer uses the standard DP algorithm
[18] to determine both join orders (for HJ and TTJ) and join tree
(for TTJ). The optimizer only considers left-deep query plans with-
out cross products. Thus, by Lemma 1, each cell of the DP matrix
guarantees the existence of at least one partially-built TQ and the
resulting join order satisfies the default join order assumption (Def-
inition 1). The best TQ associated with each cell is determined by
Theorem 12. Thus, the optimization step does not enforce special
join order in Theorem 11. The query engine uses the PostgreSQL
13 optimizer to provide estimation to the relational algebra terms
in Theorem 12 cost equation. Specifically, we load a PostgreSQL
instance with benchmark data. For each term (without 𝑏𝑅𝑆 ) in the
TTJ cost equation, SQL statements, embedded as EXPLAIN com-
mands, are generated and sent to the PostgreSQL instance. The
estimation is then extracted from the returned result. For HJ, the
cost function is the sum of intermediate result sizes. The estima-
tions to the HJ cost equation are determined the same way as TTJ.
Since the cost functions of HJ and TTJ are different, the optimizer
may determine different join orders for each algorithm on the same
query.The query engine uses DuckDB [38] as the storage manager
because of its low data fetching overhead. Select predicates are
pushed down and evaluated by DuckDB by accessing data through
non-materialized views. Thus the evaluation of the queries is iden-
tical across algorithms except for the join processing.

Environment. For all our experiments, we use a single machine
that has one AMD Ryzen 9 5900X 12-Core Processor @ 3.7Hz CPU

Table 1: Performance of TTJ relative to HJ on all 113 JOB
queries.
Perf. Impr. % Count JOB Queries
[35%, 40%) 1 10c
[25%, 30%) 2 3b,19d
[20%, 25%) 5 22a,22b,22d,28b,28c
[15%, 20%) 6 9d,19c,22c,28a,30a,31c
[10%, 15%) 1 30c
[5%, 10%) 6 4c,9c,12c,13a,15b,29a

[0%, 5%) 42

1d,2a,2b,2c,3a,3c,4a,6a,6b,6c,6d,6e,7b,
8a,8b,9b,10a,10b,12a,12b,13c,14b,14c,
15d,16a,16b,16d,17f,18a,19b,20b,21b,21c,
23b,25a,25c,26b,26c,29c,31a,33a,33b

[-5%, 0%) 46

1a,1b,1c,2d,4b,5a,5c,6f,7a,7c,8c,8d,9a,
11a,11b,11c,11d,13b,14a,15a,15c,16c,17a,
17c,17d,17e,18b,19a,20a,20c,21a,23a,23c,
24a,24b,25b,26a,27a,27b,27c,29b,30b,31b,
32a,32b,33c

[-10%, -5%) 2 5b,17b
[-15%, -10%) 1 18c
[-25%, -20%) 1 13d

and 64 GB of RAM. We only use one logical core. We set the size
of the JVM heap to 20 GB. All the data structures (e.g., hash tables,
𝑛𝑔) are stored in JVM heap. We use JMH [1] to orchestrate bench-
marking with 5 warmup forks and 10 measurement forks. Within
each fork, there are 3 warmup iterations and 5 measurement iter-
ations. We omit optimization time since it was dominated by the
JDBC overhead of using the PostgreSQL optimizer to compute ba-
sic information.

Workload. We evaluate algorithms on two workloads: Join Or-
dering Benchmark (JOB) [30] and TPC-H [48] (scale factor = 1).We
focus on the acyclic CQs in the benchmarks, i.e., we omit cyclic
queries, single-relation queries, and queries with correlated sub-
queries. If queries are not CQ, we removed the non-CQ parts. All
113 JOB queries meet the criteria as do 13 TPC-H queries.

8.2 Query Performance

Table 2: Performance of TTJ relative to HJ on all 13 TPC-H
acyclic conjunctive queries.

Performance Improvement % Count TPC-H Queries
[50%, 55%) 1 8
[5%, 10%) 1 7
[0%, 5%) 6 3,10,11,15,16,20
[-5%, 0%) 5 9, 12, 14, 18, 19

Table 1 shows the performance improvement percentage of JOB
queries when evaluated using TTJ comparing to using HJ. Each
row is similar to a bin in a histogram. The bin width is 5%. Empty
bins are omitted. The red line of the table separates performance
improvements from the regression: Queries listed above the red
line indicates that TTJ performs better thanHJ. Of 113 JOB queries,

11



TTJ improves 63 (56%) of them. In particular, the largest improve-
ment is 39% coming from 10c. Two significant performance regres-
sion (more than -10%) queries are 13d and 18c. Both are due to less
than ideal TTJ join orders. In specific, during the DP process, Post-
greSQL provides up to 60× overestimation towards Equation (4),
which causes cells that lead to better orders being discarded early
in the process. To ensure that we can indeed remove regression
if we have more accurate estimation to the cost equation, as a
workaround, we temporarily removed Equation (4) from the cost
equation, which yielded different join orders for these two queries.
The new join orders improve the performance of both queries: 13d
improves from -21% to -11% and 18c improves from -14% to -1%.

Same as Table 1, Table 2 shows the performance improvement
percentage of TPC-H queries when evaluated using TTJ compar-
ing to using HJ. Q8 has the largest performance improvement per-
centage, 53%. Q8 is the largest query in terms of number of join
relations, 𝑘 = 8, in the TPC-H benchmark. Q8 result along with
results of large queries in JOB (e.g., 28c has performance improve-
ment 22%) shows that TTJ performs well on complex acyclic join
queries. On the other hand, a few TPC-H queries we run are sim-
ple binary join queries. In those queries, TTJ performs on par with
HJ. For example, Q12 is a binary join query and TTJ performance
improvement percentage is -1%. Thus, the result from both bench-
marks shows that TTJ has performance merit over HJ on acyclic
CQs under proper join order.
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Figure 8: Execution time difference (in ms) against logical
cost difference between HJ and TTJ on JOB queries with |per-
formance improvement percentage| > 5%. The line plots the
linear regression between X-axis and Y-axis.

To have an understanding of the cause of the performance dif-
ference between TTJ and HJ, we closely examined the JOB queries
that performance improvement percentage is above 5% and below
-5%, i.e., the queries that TTJ performs either extremely better or
significantly worse than HJ. In total, there are 25 such queries. For
10c, surprisingly, we find that intermediate results produced by TTJ
is 15% more than the intermediate results produced by HJ. How-
ever, the summation of base relations is reduced by 18% using TTJ.

Thus, in total, TTJ has 8% less tuples in memory than HJ during
query evaluation. Figure 8 illustrates the result of the analysis of
all the selected queries. The logical cost consists of both summa-
tion of intermediate results and the base table sizes measured after
query evaluation. From the figure we see that for the majority of
the queries, 22 in total, the execution time difference grows as the
cost difference increases. However, there are 3 queries where TTJ
is slower than HJ despite TTJ has smaller logical cost than HJ. This
likely suggests physical cost should also be considered during the
costing for a real system. We leave it as the future work.

9 CONCLUSION AND FUTUREWORK
We have presented a modified HJ, TTJ, that computes both semi-
join and join during the query evaluation by removing dangling
tuples. The use of the iterator interface in TTJ design facilitates the
possibility of easy integration with existing query systems. Formal
analysis shows that TTJ is data complexity optimal for acyclic CQs.
Empirically, TTJ largely outperforms HJ after proper optimization
for both algorithms. In particular, TTJ has advantages over HJ in
large queries. We discuss some limitations and future work.

Practical concerns.Weare integrating TTJ into an existing RDBMS.
That effort requires additional basic considerations beyond imple-
menting the operator. (1) Cost model described in § 7.1 is a logical
model, which is sufficient to determine proper join orders [13, 15,
30, 46]. Integration into a larger system requires a costmodel that is
consistent with the existing cost models in the RDBMS, which usu-
ally includes physical cost coefficients, such as the time required
for hash table related functions. (2) The presentation assumed TTJ
is on tuple-level. However, given the use of pages in real systems,
deleteDT() may be called only after the whole page is processed.
Thus, adapting TTJ to work with pages is a future work. (3) TTJ re-
lies on a synchronous assumption that a dangling tuple is removed
immediately after its detection. Thus, additional work is needed to
make TTJ work without synchronous assumption.

Formal issues. When evaluating acyclic full CQs, TTJ is optimal
in data complexity, but is not in combined complexity. In combined
complexity, TTJ has an additional log𝑘 term. Yannakakis’s algo-
rithm [54] is optimal in both models. A first question is whether
there is an improvement to TTJ and/or a better proof that will show
that TTJ is optimal in combined complexity as well. Complexity
results for TTJ or a TTJ like operator used in bushy plans is also
an open issue. There may be mappings between a query’s TQ and
bushy plans such that the size of the materialized output from sub-
plans can be bounded by the final output size. If so, it should fol-
low that that change in mapping definition will show optimality
of TTJ for bushy plans as well. It is our conjecture that TTJ can be
extended to cyclic queries. That extension will likely require dele
teDT() to pass more information down the plan than it currently
does. Any aforementioned work related to practical concerns can
also be examined through the formal lens.
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